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Abstract. We study a theory in which the electromagnetic field is disformally coupled to
a scalar field, in addition to a usual non–minimal electromagnetic coupling. We show that
disformal couplings modify the expression for the fine–structure constant, α. As a result,
the theory we consider can explain the non–zero reported variation in the evolution of α by
purely considering disformal couplings. We also find that if matter and photons are coupled
in the same way to the scalar field, disformal couplings itself do not lead to a variation of
the fine–structure constant. A number of scenarios are discussed consistent with the current
astrophysical, geochemical, laboratory and the cosmic microwave background radiation con-
straints on the cosmological evolution of α. The models presented are also consistent with
the current type Ia supernovae constraints on the effective dark energy equation of state.
We find that the Oklo bound in particular puts strong constraints on the model parameters.
From our numerical results, we find that the introduction of a non–minimal electromagnetic
coupling enhances the cosmological variation in α. Better constrained data is expected to
be reported by ALMA and with the forthcoming generation of high–resolution ultra–stable
spectrographs such as PEPSI, ESPRESSO, and ELT–HIRES. Furthermore, an expected in-
crease in the sensitivity of molecular and nuclear clocks will put a more stringent constraint
on the theory.
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1 Introduction
The idea on the variation of the fundamental constants of physics was first raised by
Dirac in his ‘large numbers hypothesis’ [1]. The advent of higher-dimensional theories [2, 3],
in which the effective (3+1)-dimensional constants can vary in space and time, has led to an
increased interest in nature’s fundamental constants and their variation. Despite this, Ein-
stein’s equivalence principle, and hence local position invariance, is one of the building blocks
of gravitational metric theories, which include amongst others the well-known gravitational
theory of general relativity. Hence, the link between the constancy of fundamental constants
and the equivalence principle is a natural one.
Recent observations have shown the possibility of the variation of one of these fundamen-
tal constants of nature, the electromagnetic fine-structure constant, α = e2/4pi0~c ' 1/137
[4]. Weaker constraints on the variation of the electromagnetic fine-structure constant have
been derived from Big Bang Nucleosynthesis (BBN) at z ∼ 109 [5] and the cosmic microwave
background (CMB) radiation at z ∼ 103 [6]. More stringent bounds have been reported at
lower redshifts from astrophysical [7–18], geochemical [19–21] and laboratory [22] constraints.
In this work, we will be considering a theoretical model containing three distinct metrics,
related by a disformal transformation. We will specify our scalar-gravitational sector in what
we will later call the Einstein Frame, in which the action looks like general relativity with
an added scalar field. We then specify two other distinct frames in which we define matter
and radiation separately. The latter two frames are described by two separate metrics, g˜
(i)
µν ,
although both of these metrics are disformally related with the scalar-gravitational metric,
gµν . Such disformal transformations have been introduced by Bekenstein [23], where in
general a disformal transformation is characterized by the following relation
g˜(i)µν = Ci(φ,X)gµν +Di(φ,X)φ,µφ,ν (1.1)
where X = (1/2)gµνφ,µφ,ν is the kinetic term. The first term is the widely known conformal
coupling, whereas the second term is referred to as the disformal coupling. In what follows, we
will be considering both couplings to depend on φ only. The line elements of these disformal
metrics are now related by ds˜2i = Cids
2 +Di(φ,µdx
µ)2, and as a result null four-vectors with
respect to gµν could be either spacelike or timelike four-vectors with respect to the disformal
metric g˜
(i)
µν . Furthermore, a conformal transformation can be viewed as an angle preserving
metric rescaling mapping, although a disformal transformation deforms the spacetime to a
– 1 –
preferred direction characterized by the gradient of the fields resulting in a distortion of both
angles and lengths [24].
Disformal relations as described in (1.1) have been used in different scenarios, including
inflation [25], varying speed of light theories [26–28], massive gravity [29, 30], dark energy
[31–34] and others. It was shown in [35] that disformal transformations preserve second order
field equations and play, in the Horndeski theory, a similar role conformal transformations
play in the scalar-tensor theories. See e.g. [36] on current constraints on universal disformal
couplings.
The most immediate way to obtain a space and time variation of the electromagnetic
fine-structure constant is to introduce a non–minimal coupling between the scalar field and
electromagnetic fields [37–41]. It has been shown that such a non–minimal coupling give rise
to nonconservation of the photon number along geodesics [42] which result in a modification
of the distance-duality relation [37, 43–48] and CMB spectrum distortion [37, 49, 50]. Similar
results have also been reported in disformal scalar-tensor theories [51, 52]. We will show that
such non–minimal coupling is not necessary to explain this non-zero variation of α, as we
can reproduce a varying electromagnetic fine-structure coupling purely by the introduced
disformally related metrics.
We introduce our model in Section 2 and present the cosmological equations in Section
2.1 in which we give the relevant equations that we then use for our examples. In Section 3
we list the observational constraints that we use in order to choose our model parameters,
which we then present and discuss in Section 4.
2 Disformal Electrodynamics: The Model
We consider the following action, consisting of a gravitational sector, a matter sector and an
electromagnetic sector, respectively:
S = Sgrav (gµν , φ) + Smatter(g˜(m)µν ) + SEM(Aµ, g˜(r)µν ). (2.1)
The metrics g˜
(m)
µν and g˜
(r)
µν are related to gµν via a disformal transformation:
g˜(m)µν = Cmgµν +Dmφ,µφ,ν , (2.2)
g˜(r)µν = Crgµν +Drφ,µφ,ν . (2.3)
Here, Cr,m and Dr,m are functions of the scalar field. The functions Cr,m are conformal
factors, whereas the functions Dr,m are disformal couplings. At this point, we do not specify
the gravitational sector. Instead, we study the consequences of the disformally coupled scalar
field on the propagation of electromagnetic waves. We aim to work in the Jordan Frame, by
which we mean the frame in which matter is decoupled from the scalar degree of freedom.
We therefore perform a disformal transformation of the action above such that all parts of
the action are written in terms of the metric g˜
(m)
µν . The electromagnetic sector is specified by
SEM = −1
4
∫
d4x
√
−g˜(r)h(φ)g˜µν(r)g˜αβ(r)FµαFνβ −
∫
d4x
√
−g˜(m)g˜µν(m)jµAµ, (2.4)
where Fµν is the standard antisymmetric Faraday tensor, Fµν = ∂µAν − ∂νAµ, and jµ is the
four–current. The function h(φ) is the direct coupling between the electromagnetic field and
the scalar. Note that g˜
(r)
µν can also be written as
g˜(r)µν =
Cr
Cm
g˜(m)µν +
(
Dr − CrDm
Cm
)
φ,µφ,ν ≡ Ag˜(m)µν +Bφ,µφ,ν , (2.5)
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Then, in terms of this metric the electromagnetic sector becomes
SEM =− 1
4
∫
d4x
√
−g˜(m)h(φ)Z
[
g˜µν(m)g˜
αβ
(m) − 2γ2g˜µν(m)φ,αφ,β
]
FµαFνβ
−
∫
d4x
√
−g˜(m)g˜µν(m)jµAµ ,
(2.6)
where we raise the indices with the metric g˜
(m)
µν and define
Z =
(
1 +
B
A
g˜µν(m)∂µφ∂νφ
)1/2
, (2.7)
together with
γ2 =
B
A+Bg˜µν(m)∂µφ∂νφ
. (2.8)
Note that the term proportional to γ4 vanishes due to the antisymmetry of Fµν . Furthermore,
note that gauge invariance implies ∇˜µjµ = 0, where the covariant derivative is compatible
with the metric g˜
(m)
µν . The field equations can be readily obtained by varying the action with
respect to Aµ, which results in
∇˜ (h(φ)ZF ρ)− ∇˜
(
h(φ)Zγ2φ,β
(
g˜ν(m)φ
,ρ − g˜ρν(m)φ,
)
Fνβ
)
= jρ . (2.9)
where we again raise the indices with g˜
(m)
µν . The first term in the action (2.6) contains two
parts: the first part consists of the kinetic term for the vector potential Aµ; the second
part is an interaction term between the disformally coupled scalar field and Aµ. The latter
vanishes in the case of vanishing disformal couplings. From the form of the action (2.6) we
might naively think that the fine-structure coupling is simply given by α ∝ 1/hZ. This is
not the case, as we shall show. To identify the effective electromagnetic coupling (or the
”fine–structure constant”) α, we start by deriving the field equation for the electric field in
Minkowski space
(
g˜
(m)
µν = ηµν
)
and set the bare speed of light c = 1. We also consider the
scalar field to be a function of time only. From the obtained field equation (2.9), and using
the fact that the electric field is identified by, Ei = F i0, we find that the field equation for
the electric field is given by
∇ ·E = Zρ
h(φ)
(2.10)
where ρ = j0 is the charge density. By integrating this equation over a volume V, it is
straightforward to derive the electrostatic potential V (for which E = −∇V ), which is found
to be V (r) = ZQ/(4pih(φ)r), where Q is the total charge contained in V. Comparing this
to the standard expression for the tree-level-potential from QED, one finds that α has the
following dependence on Z and h:
α ∝ Z
h(φ)
. (2.11)
Note that if matter and radiation couple in the same way to the scalar field (i.e. g˜
(m)
µν = g˜
(r)
µν
for which A = 1 and B = 0) we have Z = 1 and we recover the usual form α ∝ h(φ)−1
[37, 53–60].
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2.1 Cosmology
We now specify our gravitational-scalar action to be as follows
Sgrav (gµν , φ) =
∫
d4x
√−g
(
M2Pl
2
R− 1
2
gµν∂µφ∂νφ− V (φ)
)
(2.12)
where R is the Ricci scalar calculated with respect to the metric gµν . From now on, reduced
Planck units are assumed: MPl = 1. Hence, the theory we consider is given in the Einstein
Frame as
S =
∫
d4x
√−g
(
1
2
R− 1
2
gµν∂µφ∂νφ− V (φ)
)
+ Smatter(g˜
(m)
µν )
− 1
4
∫
d4x
√
−g˜(r)h(φ)g˜µν(r)g˜αβ(r)FµαFνβ .
(2.13)
The last term in the action above describes the dynamics of the CMB photons. From now
on, we will refer to the three distinctive frames as the Einstein Frame (EF), Radiation Frame
(RF) and Jordan Frame (JF) corresponding to the metrics gµν , g˜
(r)
µν and g˜
(m)
µν respectively.
We define the RF as the frame in which all electromagnetic quantities are defined in their
standard way. Furthermore, we define the JF as the frame in which matter is uncoupled from
the scalar field. Since the gravity-scalar part of the action is written in its simplest form in
the EF, we will be working in this frame and not in the other two frames where in general
this part of the action has a nonstandard form.
By the variation of the action (2.13) with respect to the metric gµν , we obtain the
Einstein Field Equations
Gµν = Tµνφ + T
µν
(m) + T
µν
(r) , (2.14)
with Gµν = Rµν − 12gµνR being the usual Einstein tensor in the EF. The energy-momentum
tensors of the scalar field, matter and radiation are denoted by Tµνφ , T
µν
(m) and T
µν
(r) respec-
tively. We specify these energy-momentum tensors to be as follows
T φµν = ∂µφ∂νφ− gµν
(
1
2
gρσ∂ρφ∂σφ+ V (φ)
)
, (2.15)
T (m)µν = −
2√−g
δ(
√
−g˜(m)L˜m)
δgµν
, (2.16)
T (r)µν = −
2√−g
δ(
√
−g˜(r)L˜EM )
δgµν
, (2.17)
where we define the electromagnetic Lagrangian by L˜EM = −14h(φ)g˜µν(r)g˜αβ(r)FµαFνβ and denote
the matter Lagrangian by L˜m. We now use the variation of the action (2.13) with respect to
the scalar field, which leads us to the Klein-Gordon equation
φ− V ′ = −Qm −Qr, (2.18)
where we have introduced a matter coupling strength, Qm, and a radiation coupling strength,
Qr, as follows
Qm =
C ′m
2Cm
T(m) +
D′m
2Cm
φ,µφ,νT
µν
(m) −∇µ
[
Dm
Cm
φ,νT
µν
(m)
]
, (2.19)
Qr =
C ′r
2Cr
T(r) +
D′r
2Cr
φ,µφ,νT
µν
(r) +
h′
h
C2r
√
1 +
Dr
Cr
gµνφ,µφ,ν L˜EM −∇µ
[
Dr
Cr
φ,νT
µν
(r)
]
, (2.20)
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where T(r) and T(m) are the trace of T
µν
(r) and T
µν
(m) respectively, and in (2.20) we have also
used (A.4). As a result of the Bianchi identities, the total energy-momentum tensor in the EF
is covariantly conserved with respect to the EF metric, leading to the following conservation
relation
∇µ(Tµνφ + Tµν(m) + Tµν(r)) = 0. (2.21)
Although this holds for the total energy-momentum tensor, the couplings under consideration
do not allow each of the energy-momentum tensors to be individually conserved. Indeed, by
using (2.15), (2.18) and (2.21), we find that the matter and radiation conservation equations
now read as follows
∇µTµ(m)ν = Qmφ,ν , (2.22)
∇µTµ(r)ν = Qrφ,ν . (2.23)
A similar derivation is described in [51, 61–64]. We shall now consider perfect fluid energy-
momentum tensors for radiation and matter in the EF
Tµν(r) = (ρr + pr)u
µuν + prg
µν , (2.24)
Tµν(m) = (ρm + pm)u
µuν + pmg
µν , (2.25)
where ρr and pr are the EF radiation energy density and pressure respectively, similarly, ρm
and pm are the EF matter energy density and pressure respectively, and u
µ is the 4-velocity in
the EF. By projecting the matter and radiation conservation equations along the 4-velocity,
we obtain the following modified conservation equations
uµ∇µρr + (ρr + pr)∇µuµ = −Qruµφ,µ, (2.26)
uµ∇µρm + (ρm + pm)∇µuµ = −Qmuµφ,µ. (2.27)
These modified conservation equations show that energy is transferred from the scalar field,
depicted by the term projecting the field gradient along the 4-velocity. We also define a
perfect fluid energy-momentum tensor for both radiation and matter in the RF and JF
respectively
T˜µν(r) = (ρ˜r + p˜r)u˜
µu˜ν + p˜rg˜
µν
(r), (2.28)
T˜µν(m) = (ρ˜m + p˜m)u˜
µu˜ν + p˜mg˜
µν
(m). (2.29)
From now on, we will be considering a time-dependent scalar field, and a zero curvature
Friedmann-Robertson-Walker (FRW) EF metric, given by ds2 = gµνdx
µdxν = −dt2 +
a2(t)δijdx
idxj , where a(t) is the expansion scale factor. Following [39], we introduce an
electromagnetic parametrisation,
η ≡ L˜EM
ρ˜r
, (2.30)
where η could be positive or negative and have a modulus between 0 and ≈ 1. We should note
that in [39] they associate the η parameter with matter energy density and not with radiation
energy density. Also, by setting η = 1 in the introduced electromagnetic parametrisation,
and considering the special case Cr(φ) = Cm(φ) = 1 together with Dr(φ) = Dm(φ) = 0, we
recover all the relevant equations given in [37], in which a statistical microscopic approach
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was employed. Using (A.10) we obtain a relationship between the energy density in the RF
and that in the EF as follows
ρ˜r =
ρr
C2r
√
1 +
Dr
Cr
φ,µφ,µ. (2.31)
Hence, we can then write the radiation coupling, Qr, in terms of this η-parametrisation as
follows
Qr =
C ′r
2Cr
T(r) +
D′r
2Cr
φ,µφ,νT
µν
(r) +
h′
h
[
1 +
Dr
Cr
φ,µφ
,µ
]
ηρr −∇µ
[
Dr
Cr
φ,νT
µν
(r)
]
. (2.32)
For FRW cosmology, we find that the Klein-Gordon equation, (2.18), together with the
conservation equations, (2.22) and (2.23), reduce to the following
φ¨+ 3Hφ˙+ V ′ = Qm +Qr, (2.33)
ρ˙m + 3H(ρm + pm) = −Qmφ˙, (2.34)
ρ˙r + 3H(ρr + pr) = −Qrφ˙, (2.35)
where H = a˙/a is the Hubble parameter and dot represents an EF time derivative. By using
(2.33), (2.34), and (2.35), we can rewrite (2.19) and (2.32) as follows
Qm =
Ar
ArAm −DrDmρrρm
[
Bm − DmBr
Ar
ρm
]
, (2.36)
Qr =
Am
ArAm −DrDmρrρm
[
Br − DrBm
Am
ρr
]
, (2.37)
where
Ar = Cr +Dr(ρr − φ˙2), (2.38)
Am = Cm +Dm(ρm − φ˙2), (2.39)
Br =
1
2
C ′r[3wr − 1]ρr −
1
2
D′rφ˙
2ρr +
h′
h
[Cr −Drφ˙2]ηρr +Drρr
[
C ′r
Cr
φ˙2 + V ′ + 3Hφ˙ (1 + wr)
]
,
(2.40)
Bm =
1
2
C ′m[3wm − 1]ρm −
1
2
D′mφ˙
2ρm +Dmρm
[
C ′m
Cm
φ˙2 + V ′ + 3Hφ˙ (1 + wm)
]
. (2.41)
Using (A.12), it follows that for pressureless matter, the equation of state parameter in both
frames is still zero, although according to (A.12), the equation of state parameter for radiation
in the EF is now modified to [51, 65]
wr =
1
3
(
1− Dr
Cr
φ˙2
)
, (2.42)
where we have used the fact that in the RF, w˜r = 1/3. We find that the exact solutions for
(2.34) and (2.35) are the following
ρm ∝ C
2
m
Ym
(
aC
1
2
m
)−3
, (2.43)
ρr ∝ C
2
r
hηYr
(
aC
1
2
r
)−4
, (2.44)
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where we define Y 2m = 1 − (Dm/Cm)φ˙2, Y 2r = 1 − (Dr/Cr)φ˙2 and assume constant η in
(2.44). As expected, we find that ρ˜m ∝ a˜−3(m) where a˜(m) is the scale factor in the JF, and
that ρ˜r ∝ h−ηa˜−4(r) where a˜(r) is the RF scale factor.
We now give the Friedmann equations in the EF obtained from the Einstein Field
Equations (2.14)
H2 =
1
3
(ρm + ρr + ρφ) , (2.45)
H˙ = −1
6
[
3
(
ρm + φ˙
2
)
+ ρr
(
4− Dr
Cr
φ˙2
)]
, (2.46)
where we have also used (2.42), and defined the energy-momentum tensor of the scalar field
as that of a perfect fluid with ρφ = (1/2)φ˙
2 + V (φ) and pφ = (1/2)φ˙
2 − V (φ).
We admit that the scalar field characterizing the disformal coupling is also responsible
for the current acceleration of the Universe, i.e., it is the dark energy. In order to compare
our model’s dark energy equation of state parameter to type Ia supernova data set [66], we
need to derive an effective equation of state parameter, weff, following [65, 67]. Experimental
constraints on dark energy assume a non-interacting dark sector. On assuming that dark
energy is given by a non-interacting perfect fluid, described by its equation of state parameter,
weff, we can write the energy conservation equation as follows
ρ˙effDE = −3H(1 + weff)ρeffDE. (2.47)
By our dark sector assumption, dark matter is also assumed to be non-interacting, hence we
can write the following Friedmann equation
H2 =
1
3
(
a−4ρ0,r + a−3ρ0,m + ρeffDE
)
. (2.48)
By comparing (2.48) and (2.45), we get the energy density of the effective dark energy fluid
ρeffDE = ρm + ρr + ρφ − a−4ρ0,r − a−3ρ0,m. (2.49)
By taking the EF time derivative of (2.49), substituting the Klein-Gordon equation, (2.33),
the matter conservation equation, (2.34), the radiation conservation equation, (2.35), and
comparing the final equation with (2.47), we get the effective equation of state parameter as
follows
weff =
pφ + ρr
(
wr − 13a−4 ρ0,rρr
)
ρeffDE
, (2.50)
where wr is the equation of state parameter for radiation in the EF given by (2.42). We
should mention that in the absence of radiation, matter and electromagnetic couplings, weff
reduces to the usual equation of state parameter for a quintessence scalar field, wφ = pφ/ρφ.
3 Observational Constraints
We will only consider a choice of parameters for our models such that we agree with the
measured cosmological, astrophysical, geochemical and laboratory parameters. Since we now
have identified the fine-structure coupling α ∝ Z h(φ)−1, we can also define the temporal
variation of α, denoted by α˙/α, where dot refers to the temporal derivative. As we are
– 7 –
Parameter Estimated value Ref.
w0,φ −1.006± 0.045 [68]
H0 (67.8± 0.9) km s−1Mpc−1 [68]
Ω0,m 0.308± 0.012 [68]
Table 1: Listed are, respectively, the cosmological parameter, its estimated value, and the
original reference.
interested in solving our equations in a spatially-flat, homogeneous and isotropic Friedmann
gravitational metric, and also a time-dependent scalar field, we here give the temporal varia-
tion of α in the mentioned setting. In this scenario, the coupling function Z, defined in (2.7),
reduces to
Z =
(
1− DrCr φ˙2
1− DmCm φ˙2
) 1
2
. (3.1)
Furthermore, by considering the electromagnetic coupling, h, together with all the conformal
and disformal couplings to be a function of φ only, it follows that Z(φ, φ˙). We then arrive to
the equation for the temporal variation of the fine-structure coupling
α˙
α
=
1
Z
(
∂Z
∂φ
φ˙+
∂Z
∂φ˙
φ¨
)
− 1
h
dh
dφ
φ˙. (3.2)
Also, the redshift evolution of the fine-structure coupling is specified by the quantity1
∆α
α
(z) ≡ α(z)− α(z = 0)
α(z = 0)
=
h(φ0)Z(z)
h(φ(z))Z0
− 1, (3.3)
where φ0 is the field value today and Z0 is the value of Z evaluated today. We recover
the usual forms of the temporal variation and evolution of the fine-structure coupling, in
Refs. [37, 53–60], in the absence of disformal couplings. In order to choose our parameters
will use:
1. the Union2.1 SNe Ia data set [66] and the Planck collaboration results [68], such that
the present time measurements of our Universe agree with our final time boundary
conditions. These results are summarized in Table 1. Since we are using a spatially-flat
FRW EF metric, it follows that Ω0,φ ≈ 0.7.
2. the currently, most stringent atomic clock (AC) constraint on the present temporal
variation of α [22]
α˙
α
∣∣∣∣
0
= (−1.6± 2.3)× 10−17 yr−1, (3.4)
3. an Oklo natural reactor constraint, in which self-sustained natural fission reactions took
place at ∼ 2 Gyr ago (z ' 0.16) [20, 21]
|∆α|
α
< 1.1× 10−8, (3.5)
1Note that the redshift is frame-invariant, see [51] and [52].
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Object z (∆α/α)× 106 Spectrograph Ref.
Three sources 1.08 4.3± 3.4 HIRES [8]
HS1549+1919 1.14 −7.5± 5.5 UVES/HIRES/HDS [13]
HE0515-4414 1.15 −0.1± 1.8 UVES [9]
HE0515-4414 1.15 0.5± 2.4 HARPS/UVES [10]
HS1549+1919 1.34 −0.7± 6.6 UVES/HIRES/HDS [13]
HE0001-2340 1.58 −1.5± 2.6 UVES [11]
HE1104-1805A 1.66 −4.7± 5.3 HIRES [8]
HE2217-2818 1.69 1.3± 2.6 UVES [12]
HS1946+7658 1.74 −7.9± 6.2 HIRES [8]
HS1549+1919 1.80 −6.4± 7.2 UVES/HIRES/HDS [13]
Q1101-264 1.84 5.7± 2.7 UVES [9]
Table 2: Listed are, respectively, the object along each line of sight, the redshift of the
absorber, the measurements of ∆α/α, the spectrograph, and the original reference. The first
measurement is the weighted average from eight absorbers in the redshift range 0.73 < z <
1.53 along the lines of sight of three quasars reported in [8].
4. the 187Re meteorite constraint over the age of the solar system ∼ 4.6 Gyr (z ' 0.43)
[19]
∆α
α
= (−8± 8)× 10−7, (3.6)
5. astrophysical data, including the 11 recently measured data set which contains the
results of the Ultraviolet and Visual Echelle Spectrograph (UVES) [12, 13]. We list
these measurements in Table 2, and plot the corresponding data points for the redshift
evolution of ∆α/α in the figures of Section 4. We also use the large data set from
Keck telescope and ESO’s Very Large Telescope (VLT) surveys carried out by Webb
et al [7]. By assuming that ∆α/α values are described by a simple weighted mean, it
is found that [17] (∆α/α)w = (−0.57 ± 0.11) × 10−5 for the Keck quasi-stellar object
(QSO) observations; while for the VLT quasar spectra observations, it is found that
[15] (∆α/α)w = (0.208 ± 0.124) × 10−5. These results differ from one another at
the ∼ 4.7σ level, suggesting a dipole-like variation in α. The binned many-multiplet
(MM) VLT+Keck combined sample is also used in our ∆α/α redshift evolution plots,
in which statistical errors for certain points have been increased prior to binning as
reported in King et al [15]. We also use the weighted mean of the 21 Si IV doublets,
(∆α/α)w = (−0.5± 1.3)× 10−5, reported in Murphy et al [18] using the alkali-doublet
(AD) method, together with two other results; ∆α/α = (−0.10 ± 0.22) × 10−5 at
z = 0.25 and ∆α/α = (−0.08± 0.27)× 10−5 at z = 0.68; in which HI 21 cm absorption
lines were used [14]. Other consistent results can be found in [16], and a detailed review
on the constraints on ∆α/α can be found in [60, 69].
6. and the cosmic microwave background (CMB) radiation constraint (z ' 103) reported
in [6]
∆α
α
= (3.6± 3.7)× 10−3. (3.7)
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The models presented in Section 4 satisfy the above constraints, even though, there are
combinations of parameters that lead to cases which do not respect the Oklo bound. For
example, some models in Fig. 1 do not pass the Oklo bound.
4 Analysis
In general, we will consider these specific forms of couplings and scalar field potential:
Ci(φ) = βie
xiφ, (4.1)
Di(φ) = M
−4
i e
yiφ, (4.2)
h(φ) = 1− ζ(φ− φ0), (4.3)
V (φ) = M4V e
−λφ. (4.4)
The introduced mass scales, Mi and MV , are tuned in order to obtain the correct cosmological
parameters as listed in Table 1 together with an agreement with the temporal variation of the
fine-structure coupling (3.4). Typically we find that Mi ∼MV ∼ meV. In our models, we will
only consider disformally coupled radiation, and hence we set Cr(φ) = 1 for all the models
under consideration. On the other hand, whenever we consider a scalar field dependent
conformal matter coupling, we also tune the dimensionless parameter, βm, together with the
other mass scales in order to agree with the measured cosmological parameters and temporal
variation of the fine-structure coupling stringent constraint. Following the symmetry breaking
argument in [70] for a slowly evolving time dependent scalar field, we only consider a linear
electromagnetic coupling function. We are constrained on the magnitude of the dimensionless
electromagnetic coupling parameter, ζ, from local tests of the equivalence principle [60]
|ζlocal| < 10−3 (4.5)
Another constraint on ζ was obtained in [71] using the CMB and large-scale structure data in
combination with direct measurements of the expansion of the Universe, and more recently,
another tighter constraint was obtained in [72] using more recent data, in which it was found
that |ζ| < 5× 10−6.
We will now consider several models with different parameters. From our numerical
results, we found that a change in the magnitude of |η| between 0 and 1 has negligible effect
on the results, so we set η = 1 in all the models. We summarize the different parameter
values for each specific model in Table 3, where we have neglected the parameters, ym and
yr, from the table as these parameters are both set to zero for the models shown in Fig.
1-3, although we do discuss a model with exponential disformal couplings in Section 4.1.
The data points shown in the evolution with redshift of ∆α/α in Fig. 1-3 were taken from
Section 3, as described therein. The respective data sets of the data points are listed in
the legend of each plot, where UVES+HIRES+HDS+HARPS refer to the tabulated data
points in Table 2. The constraints on weff used in the plots depicting the evolution with
redshift of the theoretical weff, wφ in Fig. 1-3 were taken from [66], where the results were
obtained assuming a flat Universe for the joint data set of SNe, BAO, CMB, and H0, with
(dark/orange) and without (light/yellow) SN systematics. The dotted and dot-dashed lines
in these plots depict the central value of weff constraints with and without SN systematics in
each redshift bin respectively. Although we start integrating our equations from z = 103, at
which we set φini = 1.5 MPl as our initial condition, we restrict our plots in Fig. 1-3 to the
redshift range where observational data is mostly concentrated.
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Fig. Mr Mm βm xm |ζ| MV λ (α˙/α)|0 × 1017
1 ∼ meV ∼ meV 1 0 < 5× 10−6 2.69 meV 0.45 −2.14 ∼ −1.62
2 ∼ meV 15 meV 8 0.14 0 2.55 meV 0.45 −2.41 ∼ 0.70
3 ∼ meV 15 meV 8 0.14 < 5× 10−6 2.55 meV 0.45 −2.10 ∼ −1.24
Table 3: Listed are, respectively, the figure reference, the parameter values for each specific
model, and the range of (α˙/α)|0 for the range of parameter values considered in each figure.
4.1 Disformal couplings
In our first model, we consider disformally coupled radiation and matter in the absence
of matter and radiation conformal couplings and set ζ = 0 in order to get a purely disformal
case, without the addition of an electromagnetic coupling. This purely disformal case is an
interesting model to consider, since it still predicts a non-zero variation of the fine-structure
coupling, without the need of an electromagnetic coupling. The redshift evolution of ∆α/α
is shown in Fig. 1, in which we consider constant matter and radiation disformal couplings.
We have also considered a purely disformal case with exponential disformal couplings, by
setting Mm = Mr = 100 meV, ym = 23.5 and yr = 1, together with MV = 4.75 meV
and λ = 2. The latter two parameters were changed from those presented in Table 3 in
order to be in agreement with the current cosmological parameters, whereas the exponential
disformal coupling parameters were chosen such that the calculated temporal variation of the
fine-structure coupling lies within the bounds of the estimated value measured by AC. Since
the redshift evolutions of ∆α/α, Ωi’s, weff, and wφ, for constant disformal couplings and
exponential disformal couplings are indistinguishable, we only show the constant disformal
couplings case in Fig. 1.
4.2 Conformal and disformal couplings
We now analyse the case in which we only consider matter to be conformally and disfor-
mally coupled together with disformally coupled radiation. An exponential matter conformal
coupling together with constant disformal matter and radiation couplings are considered, as
summarized in Table 3. The range of values for the constant disformal couplings are chosen
such that the predicted current temporal variation in the fine-structure constant lies within
the limits of the constraint given by (3.4), as these are the model parameters which directly
affect the evolution of α. We also restrict the values of the other model parameters, mainly
the scalar field potential and the conformal matter coupling parameters in order to be in
agreement with the current cosmological values listed in Table 1. Four different constant
radiation energy scales are used in this model and shown in Fig. 2. We demonstrate that
one can also get a non-zero value for the variation of α, without the introduction of an
electromagnetic coupling. This shows that we can still explain observational evidence for
such a variation in the fine-structure coupling, without the need of an extra electromagnetic
coupling. In these models |∆α/α| at the CMB era is predicted to be O(10−8 − 10−7) which
is well within the current bounds.
4.3 Disformal and electromagnetic couplings
In this case, we consider matter and radiation to be disformally coupled together with
an electromagnetic coupling. We again choose our model parameters so that we are in
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Figure 1: Redshift evolution of Ωi’s, weff, wφ and ∆α/α when considering disformally
coupled matter and radiation with and without an electromagnetic coupling. The solid line
is the purely disformal case, whereas the dot-dashed, dashed, and dotted lines correspond
to ζ = −4.9 × 10−6, 1 × 10−6, 4.9 × 10−6 respectively. The other model parameters are
summarized in Table 3.
agreement with the data mentioned in Section 3. In Fig. 1 we only consider constant matter
and radiation couplings, as described in Table 3. These disformal mass scales together with
the non-zero ζ determine the evolution of the fine-structure coupling. We consider three
different choices of these parameters, each giving a different redshift evolution of α, although
they all predict the same cosmology as long as the other independent parameters are left
the same. The range of |∆α/α| for these models at the CMB redshift is O(10−8 − 10−6)
which lies within the current CMB constraint. In Fig. 1 we also plot the purely disformal
case, discussed in Section 4.1, in order to see the effect of the electromagnetic coupling
on disformally coupled matter and radiation. We can clearly see that an electromagnetic
– 12 –
Figure 2: Redshift evolution of Ωi’s, weff, wφ and ∆α/α when considering conformally and
disformally coupled matter together with disformally coupled radiation in the absence of an
electromagnetic coupling. The solid, dashed, dot-dashed, and dotted lines shown in the red-
shift evolution of ∆α/α plot correspond to Mr = 24.91, 25.45, 25.91, 26.91 meV respectively.
The other parameters are summarized in Table 3.
coupling enhances the cosmological evolution of ∆α/α.
4.4 Disformal, conformal and electromagnetic couplings
We now combine the previous cases together, where we are considering conformally
and disformally coupled matter, and disformally coupled radiation, in the presence of an
electromagnetic coupling. We choose a linear electromagnetic coupling as in (4.3) and an
exponential conformal matter coupling. As in the previous cases, we choose our model pa-
rameters so that we are in agreement with the data mentioned in Section 3. In Fig. 3 we
show different theoretical predictions of the variation of α, when considering four different
– 13 –
ζ and Mr parameter choices as summarized in Table 3. In general, at least for our chosen
parameters, we can conclude that the introduction of an electromagnetic coupling slightly
enhances the variation of the fine-structure constant, still in agreement with current observa-
tional data. Indeed, for these models, |∆α/α| at the CMB era is O(10−7−10−6), still within
the CMB constraint.
Figure 3: Redshift evolution of Ωi’s, weff, wφ and ∆α/α when considering conformally
and disformally coupled matter, and disformally coupled radiation in the presence of an
electromagnetic coupling. The solid, dashed, dot-dashed and dotted lines correspond to
ζ = −4.9× 10−6, −1× 10−6, 1× 10−6, 4.9× 10−6 respectively. The other model parameters
are summarized in Table 3.
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5 Conclusions
We have introduced the idea of disformally related metrics in order to explain the
reported variations in the fine-structure constant. Our main conclusion is that we can natu-
rally explain a non-zero variation in α by only considering disformally coupled radiation and
matter. The introduction of an electromagnetic coupling has been exhaustively discussed
in the literature and such models also predict a varying fine-structure constant. We have
also considered the effect of this electromagnetic coupling in some of our models, and we
can say that this coupling enhances the variational evolution of α. We made sure that our
chosen model parameters predict the current cosmological parameters in agreement with the
experimental values together with an agreement with the reported bounds on variations in
the fine-structure constant. From our numerical results, we found that when the present tem-
poral variation of the fine-structure constant constraint is satisfied, the other geochemical
and astrophysical constraints are also satisfied. We should still mention that the Oklo bound
is not always satisfied by the chosen model parameters, although we do find some specific
models which predict a variation in α that lies well within the Oklo constraint. We have also
considered the weak constraint from the CMB, which is well satisfied in all our models.
High-resolution ultra-stable spectrographs are expected to increase the accuracy of the
currently reported spectroscopic measurements. Such next generation spectrographs include
PEPSI at the Large Binocular Telescope (LBT) in Arizona, ESPRESSO at the VLT [73],
and ELT-HIRES at the European Extremely Large Telescope (E-ELT) [74, 75]. Consistency
tests like the Sandage-Loeb cosmological redshift drift test could also be carried out in such
facilities [76–79]. The Atacama Large Millimeter/submillimeter Array (ALMA) [80, 81] is
also expected to increase the sensitivity to detect radio continuum sources. Laboratory
measurements with molecular and nuclear clocks are also expected to increase their sensitivity
to as high as 10−21 yr−1 [82]. Other observational constraints coming from compact objects,
such as white-dwarfs [83, 84], are equally being explored.
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Appendix A: Disformal Transformations
We here derive some variable transformations between the EF and the tilde frames, the JF
and RF. These mappings are also discussed in [51, 61–65], although we reproduce the relevant
transformations for completeness. To keep the discussion simple, we write the JF metric (2.2)
and RF metric (2.3) as a single tilde metric, which we write as
g˜µν = Cgµν +Dφ,µφ,ν , (A.1)
and then apply the variable transformations to each frame. From (A.1), it follows that the
inverse metric is given by
g˜µν =
1
C
(
gµν − γ¯2∂µφ∂νφ) , (A.2)
where
γ¯2 =
D
C +Dgµνφ,µφ,ν
. (A.3)
The determinants are related via√
−g˜
−g = C
2
√
1 +
D
C
φ,µφ,µ. (A.4)
We now derive a relationship between the energy-momentum tensors in the EF metric and
in the tilde metric (A.1). Using the definition of the energy-momentum tensor and the chain
rule, we obtain the following
Tµν =
2√−g
δ(
√−g˜L˜)
δgµν
=
√
−g˜
−g
δg˜αβ
δgµν
(
2√−g˜
δ(
√−g˜L˜)
δg˜αβ
)
=
√
−g˜
−g
δg˜αβ
δgµν
T˜αβ. (A.5)
Hence, together with (A.1)–(A.4), the contravariant and mixed energy-momentum tensor
relations between the EF metric and tilde metric are as follows
Tµν = C3
√
1 +
D
C
φ,µφ,µT˜
µν , (A.6)
Tµν = C
2
√
1 +
D
C
φ,µφ,µ
[
δρ ν −
Dφ,νφ
,ρ
C +Dφ,µφ,µ
]
T˜µρ. (A.7)
On specifying a perfect fluid energy-momentum tensor in both frames,
Tµν = (ρ+ p)uµuν + pgµν , (A.8)
T˜µν = (ρ˜+ p˜)u˜µu˜ν + p˜g˜µν . (A.9)
we get the following mappings for the energy density, pressure and the equation of state
parameter
ρ˜ =
ρ
C2
√
1 +
D
C
φ,µφ,µ, (A.10)
p˜ =
p
C2
√
1 + DC φ,µφ
,µ
, (A.11)
w˜ ≡ p˜
ρ˜
=
w
1 + DC φ,µφ
,µ
, (A.12)
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when considering a spatially-flat FRW EF metric and a time-dependent scalar field. Using
this tilde metric (A.1), we also derive a relationship between the 4-velocity in the EF, uµ,
and that in the tilde frame, u˜µ, given by the following equation
u˜µ =
uµ
√
C
√
1 + DC φ,µφ
,µ
. (A.13)
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